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9. Qubitization: Block 
encodings

 



Recap: Qubitization

  

where  . Using qubitization, we can implement (upon measuring  ) 
 ,

(for a polynomial that satisfies the conditions in QSP.)

eiϕ0ZeiθXeiϕ1Z⋯eiθXeiϕdZ = P(a) iQ(a) 1 − a2

iQ*(a) 1 − a2 P*(a)
,

θ = cos−1(a) |0⟩
|ψ⟩s → P(H) |ψ⟩



Qubitization: The gate sequence

 ,

where   and  .

Cost   Cost of  Degree of the polynomial

eiϕ′ 0Z̃U(H)eiϕ′ 1Z̃⋯U(H)eiϕ′ dZ̃

Z̃ = Za ⊗ Is U(H) = Za ⊗ H + Xa ⊗ 1 − H2

≈ U(H) ×

 Z(ϕ0)  U(H)  Z(ϕ1)  U(H)  Z(ϕ2)  U(H)  Z(ϕ3)



Unitary Encoding

  is called as a unitary encoding of  

1.   is a unitary.
2. Alternatively, we can view it as a block-diagonal matrix:

      .

U(H) = Za ⊗ H + Xa ⊗ 1 − H2 H .

U(H)

U(H) = (H ⋅
⋅ ⋅ )



Unitary Encoding Revisited

So far, we defined the unitary encoding of   to be  . However, this definition 
is somewhat restrictive. For instance, this construction demands   to be exactly

      .

However, in actual application, we only use the top left corner of the matrix!

This motivates a more relaxed definition of unitary encoding, defined as

  , 

where   

1. The ancilla no longer has to be a single qubit.
2. We can simply avoid defining some of the matrix elements.

H U(H) = Za ⊗ H + Xa ⊗ 1 − H2
U(H)

U(H) = H I − H2

I − H2 −H

U(H) |G⟩a |λ⟩s = λ |G⟩a |λ⟩s + 1 − λ2 |G⊥
λ ⟩as

(⟨G |a ⊗ Is) |Gλ⟩⊥
as = 0.
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 -subspaceλ

This motivates a more relaxed definition of unitary encoding, defined as

  , 

where   

Unfortunately, this definition seems to have a problem. Upon applying   twice, we 
may leave the subspace spanned by   and   You apply it three 
times, and potentially more trouble will be waiting us…

U(H) |G⟩a |λ⟩s = λ |G⟩a |λ⟩s + 1 − λ2 |G⊥
λ ⟩as

(⟨G |a ⊗ Is) |Gλ⟩⊥
as = 0.

U(H)
|Gλ⟩ = |G⟩ |λ⟩ |G⊥

λ ⟩ .
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 -subspaceλ

To avoid this problem, we need a unitary   such that

  , 

where   Moreover, we need   to preserve the subspace 
spanned by   and  

By unitarity, it suffices to show that   reduces to a   unitary on that subspace 
(for each  ). Moreover, while not too important, it will be convenient to make this 
unitary similar to the   discussed last time.

W(H)
W(H) |G⟩a |λ⟩s = λ |G⟩a |λ⟩s + 1 − λ2 |G⊥

λ ⟩as

(⟨G |a ⊗ Is) |Gψ⟩⊥
as = 0. W(H)

|Gλ⟩ = |G⟩ |λ⟩ |G⊥
λ ⟩ .

W(H) 2 × 2
λ

R(λ)
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Matrix elements

Let’s recall our toy version of qubitization:  ,

where   and  .

In the  -subspace, we get a   matrix  

eiϕ′ 0Z̃U(H)eiϕ′ 1Z̃⋯U(H)eiϕ′ dZ̃

Z̃ = Za ⊗ Is U(H) = Za ⊗ H + Xa ⊗ 1 − H2

λ 2 × 2 R(λ) = λ 1 − λ2

1 − λ2 −λ
.
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Matrix elements

 

 

 

 

⟨Gλ |W(H) |Gλ⟩
⟨G⊥

λ |W(H) |Gλ⟩
⟨Gλ |W(H) |G⊥

λ ⟩
⟨G⊥

λ |W(H) |G⊥
λ ⟩
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Key conditions

  

 

⟨Gλ |W(H) |Gλ⟩ = λ
⟨Gλ |W(H)2 |Gλ⟩ = 1
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Let’s recall what we did last time…

 .

This is just one viable example of  But now we can play with other possibilities!

But we are still not done yet, because we need to figure out how to ensure 
 .

U(H) = Za ⊗ H + Xa ⊗ 1 − H2

W(H) .

⟨Gλ |W(H)2 |Gλ⟩ = 1
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A Trick

We can simply add one more qubit and replace the   by controlled-  and its 
inverse, to implement  .

U(H) U(H)
W(H)
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Qubitization: Block-encoding framework

No! We are always living in the  -subspace, in which   and   
forms a “qubit.” By applying   such that    and 
 
(for a fixed  ), we can implement the desired operation.

λ |Gλ⟩ = |G⟩a |λ⟩ |G⊥
λ ⟩

Za(ϕ) Za(ϕ) |G⟩a = eiϕ |G⟩a
Za(ϕ) |G⊥⟩a = |G⊥⟩a

λ

 Z(ϕ0)  W(H)  Z(ϕ1)  W(H)  Z(ϕ2)  W(H)  Z(ϕ3)

No longer a single-qubit operator. Problem?
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Side remark

Let’s talk about the implementation of   such that   and 
 .

Za(ϕ) Za(ϕ) |G⟩a = eiϕ |G⟩a
Za(ϕ) |G⊥⟩a = |G⊥⟩a

 Z(ϕ0)  W(H)  Z(ϕ1)  W(H)  Z(ϕ2)  W(H)  Z(ϕ3)
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Qubitization: Block-encoding framework

Cost   Cost of  Degree of the polynomial
Cost of   Cost of controlled- 

≈ W(H) ×
W(H) ≈ 2 × U(H)

 Z(ϕ0)  W(H)  Z(ϕ1)  W(H)  Z(ϕ2)  W(H)  Z(ϕ3)
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